We construct a class of exactly solvable generalized Kitaev spin-1/2 models in arbitrary dimensions, which is beyond the category of quantum compass models. The Jordan-Wigner transformation is employed to prove the exact solvability. An exactly solvable quantum spin-1/2 models can be mapped to a gas of free Majorana fermions coupled to static Z2 gauge fields. We classify these exactly solvable models according to their parent models. Any model belonging to this class can be generated by one of the parent models. For illustration, a two dimensional (2D) tetragon-octagon model and a three dimensional (3D) xy bond model are studied.
Kitaev honeycomb model [1] has attracted a lot of attention for it is simple in form but rich in physics. A variety of research fields in physics, including topological phases of matter, strongly correlated electrons and topological quantum computation, converge in this model. Unexpectedly, such an interacting two-dimensional (2D) quantum spin model can be solved exactly. Hence we can explore the physics of the model without the interruption from various approximation methods, which are inevitably adopted to handle nonintegrable quantum many-body systems. Moreover the model gives rise to a topologically nontrivial phase hosting non-Abelian anyons, which can be manipulated for fault tolerant quantum computation [2] . The most serious obstacle to build a quantum computer comes from the decoherence. Topological quantum computation overcomes this problem by utilizing the exotic topological properties of topological phases of matter [3] . The unitary evolutions of the qubits are performed by braiding the non-Abelian anyons, which is immune to any local perturbations. A famous and classic example of topological phases of matter is the fractional quantum Hall effect [4] . Especially the ν = 5/2 fractional quantum Hall state, which is a promising non-Abelian state with fractional excitations and non-Abelian anyons [5] , has been proposed as the archetype for fault tolerant quantum computation. Besides the ν = 5/2 fractional quantum Hall state, there exist other candidate platforms for topological quantum computation as well [3] .
An exact solution to a quantum many-body system in dimensions greater than one (D > 1) is rare and always sheds light on understanding the nature of strongly correlated systems. Kitaev honeycomb model is solved exactly by mapping the spin-1/2 model to a free Majorana fermions coupled to a static Z 2 gauge field. The exact solvability originates from the infinite number of conserved quantities in the thermodynamic limit. In addition to the exact solution through four Majorana decomposition, which is pioneered by Kitaev himself, it was also found that the honeycomb spin-1/2 model can be exactly solved with the help of Jordan-Wigner transformation [6] [7] [8] . This elegant method enables a fermionization of the spin model without redundant degrees of freedom, and allows it to be mapped to a p-wave-type Hubbard-BCS pairing problem [9] . Besides the four Majorana decomposition and the Jordan-Wigner transformation, Nussinov and Ortiz also proposed another aspect of the exact solvability by focusing on the bond algebra [10] . Because of the significance of Kitaev honeycomb model in physics, a lot of efforts are devoted to search for its generalizations with exact solvability, which include other (2D) models [11] [12] [13] [14] [15] , three dimensional (3D) models [16] [17] [18] [19] [20] [21] [22] [23] , the models with multiple-spin interactions [24, 25] , SU (2) invariant models [26] [27] [28] and higher spin models [29] [30] [31] [32] [33] [34] .
In this paper, we construct a class of generalized Kitaev spin-1/2 models in arbitrary dimensions, which can be solved exactly with the aid of the Jordan-Wigner transformation. The model construction starts with a d-dimensional cube. We allocate various bonds on some links and erase the other links to obtain a new lattice and an exactly solvable model. The allocation of bonds is subject to two elementary rules and several supplementary rules. We find that there exist a dual spin model to each constructed spin model.
MODEL HAMILTONIAN
Consider a d-dimensional cube, for d = 2, 3, 4,..., it is square, cubic, hypercubic,..., lattice respectively. Labeling each site as n = (n 1 , n 2 , · · · , n d ), where 1 ≤ n j ≤ L j and L j is the length along jth-direction, j = 1, · · · , d. Assigning each site n a number
l=1 L l , one is able to sort all the sites as follows: if N < M , then n < m. A local link is defined as a pair of sites (n, m) with
The Hamiltonian of a generalized Kitaev spin-1/2 model consists of three parts,
where H
local , H
nonlocal and H
(M )
nonlocal represent local twospin interaction, nonlocal two spin-interaction and nonlocal multiple-spin interaction respectively. H (2) local describes two-spin interactions defined on the local links,
where α, β = x, y and σ α n are Pauli matrices at site n and m = n +ĵ withĵ the unit vector along the j-th direction and j = 1, · · · , d. J nonlocal describes two-spin interactions defined on the nonlocal links,
and H
nonlocal describes multiple-spin interactions defined on the nonlocal links,
through the string operator n<l<m (−σ z l ) linking the sites n and m, where α, β = x, y as well, and the extra minus sign is introduced in (−σ z l ) for later convenience. In the above definition, we always keep n < m. So far we have five types of interactions, which can be distinguished by corresponding coupling constants J Hereafter we shall call them x-bond, y-bond, z-bond, xy-bond and yx-bond respectively. Suppose we have a specific pattern of dividing all the sites to be white (w) or black (b). Indeed, such a pattern can be chosen by dividing the lattice into two arbitrary sublattices. The exact solvable model described by Eq. (1)-Eq. (5) can be constructed by allocating various bonds on the lattice, subject to two elementary rules as follows:
1. A (local or nonlocal) x-bond is allocated on a link (n, m) with n ∈ w and m ∈ b; a y-bond is allocated for n ∈ b and m ∈ w; an xy-bond is allocated for n ∈ w and m ∈ w; and a yx-bond is allocated for n ∈ b and m ∈ b.
2. Different z-bonds are not allowed to share the same site.
Here w and b refer to white and black sublattice respectively. The construction is to allocate various bonds on the d-dimensional cube lattice to form a connected graph. Different allocations give rise to different models. Note that this construction allows some orphan sites which do not connect to any other sites through local or nonlocal bonds. Then we just omit these isolated sites and obtain a new lattice from the original d-dimensional cube.
EXACT SOLVABILITY
We shall prove the exact solvability of the generalized Kitaev spin-1/2 models with the help of the JordanWigner transformation [35] ,
where σ
is the creation operator for the spinless fermion at site m, andn m = c † m c m is the fermion occupation number operator at site m. Then we decompose each complex fermion c n into two Majorana fermions η n and γ n as follows: (1) for n ∈ w, η n = c † n + c n and γ n = i c † n − c n , (2) for n ∈ b, η n = i c † n − c n and γ n = c † n +c n . After the Jordan-Wigner transformation, allowed local x-bonds, ybonds, xy-bonds and yx-bonds become
nonlocal x-bonds, y-bonds, xy-bonds and yx-bonds become
and allowed z-bonds become
whereD nm = ±iη n η m is defined along a z-bond only. The sign is − when n and m belong to the same sublattice, while it is + when n and m belong to the opposite 
LIFT POSSIBLE LOCAL DEGENERACY
It is indicated in the proof of exact solvability that the fermionized Hamiltonian has the following structure,
where H γ consists of quadratic γ Majorana fermion terms only and H η consists of quadratic η Majorana fermion terms only. It may occur that some η n do not show up explicitly in the fermionized Hamiltonian H η at all. This will happen if the site n does not connect to any other sites through z-bond (but may connect through other types of bonds). These localized η n will give rise to local degeneracy in these constructed spin-1/2 models. In order to lift the local degeneracy, we need to couple these isolated η n with each other to form a connected graph through additional two-spin and/or multiple-spin interactions, which is beyond the two elementary rules. This can be done without spoiling the exact solvability noting that the following two-spin and multiple-spin interactions can be fermionized by Jordan-Wigner transformation to quadratic η Majorana fermion terms,
where local links (n, m) with m = n +1 give rise to twospin interactions and nonlocal links (n, m) give rise to multiple-spin interactions. The additional two-spin and multiple-spin defined on the link (n, m) should obey the following supplementary rule,
1. n and m are not allowed to coincide with sites connected by existing z-bonds (but not other types of bonds) in the original Hamiltonian constructed subjet to two elementary rules.
So that these additional spin interactions commute with existingD nm in the original Hamiltonian and would not spoil the exact solvability and are able to lift the local degeneracy. Duality. If one interchanges w with b and vice versa in the above, the fermionized η Majorana fermion terms in Eqs. (9) will change to γ Majorana fermion terms in Eqs. (7). Thus Eqs. (7) is dual to Eqs. (9), and there exists a duality between η and γ Majorana fermions. Note that there is a similar duality symmetry relating topologically trivial and nontrivial phases in the interacting Kitaev chains [36] .
Shortcut multiple-spin interactions. To couple Majorana fermions of the same species, say, η or γ, on a nonlocal link (n, m), we introduce multiple-spin interactions in the above. As examined in the original Kitaev honeycomb model, multiple-spin interactions can be added to the Hamiltonian without spoiling the exact solvability, which to couple Majorana fermions of the same species on nonlocal link (n, m) as well [1, 24] . However, these multiple-spin interactions may contain infinite number of spin operators σ z l in the thermodynamic limit, eventhough the spacial distance between site n and m, d j=1 |n j − m j |, is small. This will happen when the string spin operator n<l<m σ z l winds around the system, say, n j = m j for at least one j ≥ 2. This is mathematically exact but hard to realize in a realistic physical system. Below we shall construct some shortcut multiplespin interactions in addition to those in Eqs. (9) , which consist of finite number of spin operators in the thermodynamic limit and remain the exact solvability as well.
We begin with a concrete example and consider two sites n ∈ w and n +1 ∈ b, and a z-bond on the link (n +1, n +1 +2), whereĵ is the unit vector along the j-th direction as defined after Eq. (3). The following multiple-spin interactions serves as one of the shortcut interactions,
which couples the γ Majorana fermions on the nonlocal link (n, n +1 +2) as well as the η Majorana fermions on the local link (n +1, n +1 +2). This can be seen by applying the Jordan-Wigner transformation. Then Eq. (10) becomes
where the relation γ 2 n = 1 is used. If there is an existing z-bond on the local link (n +1, n +1 +2), this shortcut spin term will commute with all theD nm 's and guarantee the exact solvability. Now it is clear how to construct a specific shortcut multiple-spin interaction with the help of local bonds and existing z-bonds, and we shall present a generic way to construct a shortcut multiple-spin interaction which couples Majorana fermions of the same species on a nonlocal link (n, m). Thanks to the γ ↔ η duality, we construct spin terms for γ Majorana fermions only and those for the η Majorana fermions can be constructed by the duality, say, switching w and b sublattices.
To do this, we consider a path connecting site n and m, which consists of finite number of local links, namely, links of the form (l, l +δ) with δ =ĵ defined after Eq. (3). Such a path is directional and we call each local link (l, l+ δ) a step. A generic shortcut multiple-spin interaction can be constructed by assigning a two-spin terms on each step along the path and multiplying them together. The path itself and the assignment of two-spin terms along the path are subject to the following supplementary rules:
1. For a step along the1-direction, the two-spin term should be σ
with α, β = x, y; for a step along the other directions, the two-spin terms should be σ z l σ z l+δ with δ =1, and there must exit a local zbond on this step in the original Hamiltonian.
2. The indices α and β should be chosen as follows:
for n ∈ w and n +1 ∈ b, (α, β) = (x, x); for n ∈ b and n +1 ∈ w, (α, β) = (y, y); for n ∈ w and n +1 ∈ w, (α, β) = (x, y); for n ∈ b and n +1 ∈ b, (α, β) = (y, x).
After the Jordan-Wigner transformation, such a shortcut multiple-spin interaction reads
where the product runs over allowed z-bonds along the path. As mentioned, to obtain a shortcut multiple-spin interaction coupling η Majorana fermions on a nonlocal link (n, m), what we need is to switch w and b to obtain dual terms from those corresponding to γ Majorana fermions. These shortcut multiple-spin interactions can be transformed to quadratic Majorana fermions coupled to a Z 2 background gauge field, it can be exactly diagonalized in each {D nm } sector as well. Before the ending of this section, we would like to point out that such multiplespin interactions can be generated perturbatively in the presence of an external magnetic field [1] .
MODEL CLASSIFICATION
In this section, we shall classify the models constructed in previous sections according to their parent models, and carry out the classification in one, two, and three dimensions respectively. The lattice translational symmetry is not necessary to the model construction and the exact solvability. Nevertheless, for simplicity, we shall classify the models with translational symmetry only, and discuss disordered situation at the end of this section.
1D spin models. Even though the lattice structure is trivial, the class of 1D exactly solvable generalized Kitaev spin-1/2 models shares some universal properties with those in D > 1. There are three parent spin models in 1D which are represented in FIG. 1(a) , namely, xy bond, x-y bond and x-z bond chain model. These parent models consist of local bonds only and are named according to the bonds in a unit cell. A series of exactly solvable spin models can be generated from these three parent models by three operations and their combination as follows:
(i) Firstly, one can change all the white sites to black sites and vice versa. Then a new model can be generated according to the construction rules. Actually, this operation is nothing but the duality discussed in previous section, and can be implemented through interchanging σ is not a unitary transformation such that the xy bond chain model is not equivalent to the x-y bond chain model, and the duality is not a unitary transformation in general. For instance, one can generate three dual models from the three parent spin models by the duality operation, i.e. yx bond, y-x bond, and y-z bond chain model as shown in FIG. 1(b) . This operation can always be implemented and hence each model has its dual model through the duality.
(ii) Secondly, one can split one site into two and insert a local bond between these two sites subject to the construction rules. The inserted local bond can be one of x-bond, y-bond, z-bond, xy-bond and yx-bond, and the construction rules should be respected. For instance, three new spin models can be constructed by splitting one site and inserting z-bonds, yx-bonds and y-bonds to the three parent models respectively, as shown in FIG. 2 . We call them xy-z bond, x-yx-y bond, and x-y-z bond chain model, which follows the arrangement of local bonds in the enlarged unit cell.
FIG. 2:
Three spin models generated from 1D parent models by inserting local z-bonds, yx-bonds and y-bonds respectively: xy-z bond, x-yx-y bond, and x-y-z bond chain model. Solid lines denote local x-bonds, double solid lines denote local y-bonds, dashed lines denote local z-bonds, wavy lines denote local xy-bonds, and zigzag lines denote local yz-bonds.
(iii) Thirdly, one can erase existing local bonds, and/or add nonlocal bonds subjecting to construction rules. This operation does not add or remove any site. The 1D chain may become two disconnected chains by erasing an existing local bond. However, the added nonlocal bonds can rescue this as shown in FIG. 3 , which model is generated from x-yx-y bond chain model by erasing the yx-bonds and add nonlocal z-bonds. In principle, we can repeat these operations and generate infinite numbers of exactly solvable spin models from the three parent models.
2D spin models. According to the construction rules, a 2D exactly solvable models can be constructed by coupling the 1D models through z-bonds only. Note that a shortcut multiple-spin interaction depends on existing z-bonds, which can be added after the 2D model is constructed. As an example, a 2D spin model can be constructed by coupling x-y bond chain and y-x bond chain (see FIG. 1 ) alternatively through z-bonds as illustrated in FIG. 4(a) , and which is topologically equivalent to a honeycomb model plotted in FIG. 4(b) . This 2D model is nothing but the original Kitaev honeycomb model [1] in the brick wall representation [6] . It turns out that there are only two parent spin models in 2D. One is the Kitaev honeycomb model and the other is xy bond honeycomb model as shown in FIG. 4(c) and (d) . Similar to 1D, a series of exactly solvable models can be generated starting from these parent models by the following operations: (ii) Secondly, similar to the 1D case, one can split sites and insert local bonds (say, x-bond, y-bond, z-bond, xybond and yx-bond) and/or add nonlocal bonds directly to the parent spin models according to the construction rules. For instance, a chiral spin liquid model defined on triangle honeycomb lattice [11] can be generated from the Kitaev honeycomb model by inserting local x-bonds and y-bonds and adding nonlocal z-bonds. So far, for all the models that we enumerate in 2D, the local bonds form a connected graph on the lattice. Nevertheless, it is allowed to construct a model in which local bonds constitute disconnected clusters only. A concrete model is constructed as shown in FIG. 6 , which also define the square-octagon lattice. It can be seen from its topologically equivalent brick wall representation that the nonlocal z-bonds are crucial to construct such a 2D lattice. Thus similar to the 1D case, we have the following operation to generate new spin models:
(iii) Thirdly, one can erase a local bond (or leave it empty). If the remaining bonds do not form a connected graph, we can add nonlocal bonds, which are subject to the construction rules, to connect the sites originally belonging to the erased bond. The square-octagon spin model in FIG. 6 can be generated from the Kitaev honeycomb model by the combination of these three types of operations. Before the end of this section, we would like to make the following remarks: (1) Our classification for these exactly solvable generalized Kitaev spin models through their parent models are heuristic. A rigorous classification requires the knowledge of group theory and we leave it for future study. (2) Translational symmetry or periodicity is not necessary to the exact solvability. We can construct non-periodic exactly solvable spin models as long as the construction rules are respected. There are two sources of non-periodicity. One comes from the nonperiodic distribution of bonds. The other comes from the spatial dependent coupling constants even if the bonds are allocated periodically. Neither of them spoils the exact solvability.
EXAMPLES
In this section, we demostrate how to solve the generalized Kitaev spin models exactly through two exmaples: a 2D tetragon-octagon model and a 3D xy bond model.
Other models can be solved in the same strategy.
Example I: 2D tetragon-octagon model. The lattice of tetragon-octagon model is shown in FIG. 9 . It is topologically equivalent to the lattice of the 4-8-8 mosaic model studied in Ref. [12] . But these two models are different from each other on the spin interactions. The the 4-8-8 mosaic model consists of three types of local bonds, xbonds, y-bonds and z bonds, while our tetragon-octagon model consists of only two types of local bonds, xy-bonds and z-bonds. The Hamiltonian of the tetragon-octagon model reads,
where the unit cell is chosen as a tetragon plaquette and denoted by a Bravais vector r = (r 1 , r 2 ), a lattice site is then labeled as ( r, µ) with sublattice indices µ For open boundary condition, all theD r,µ 's commute with each other and with the Hamiltonian. Hence all D r,µ are constants of motion and can be replaced by their eigenvalues ±1. To determine the ground state(s), we need to identify the sector(s), {D r,µ }, minimizing the total energy. Note the tetragon-octagon lattice contains two types of plaquettes, tetragon and octagon plaquettes. We define the Z 2 flux operator on the tetragon plaquette as
and its counterpart on the octagon plaquette as =D r,3D r+e1+e2,1 .
It is easy to verify that all these Z 2 flux operators commute with each other and with the Hamiltonian, and φ their eigenvalues φ t = ±1 and φ o = ±1. Numerically, we find that the ground states are all π-flux states, i.e., φ t = φ o = −1 everywhere, which is remarkably different from the Kitaev honeycomb model, whose ground states are zero flux states. Thus the ground state degeneracy of the tetragon-octagon model is of 2 L2−1 -fold under the open boundary condition. These degenerate ground states are given by all the possible {D r,µ } giving rise to π-fluxes on every tetragon and octagon plaquettes.
For periodic boundary condition, additional boundary terms will emerge from the Jordan-Wigner transformation [11] ,
witĥ
e iπ(n r ,1 +n r ,3 +n r +e 1 ,2 +n r +e 1 ,4 ) , (17a)
e iπ(n r ,2 +n r ,4 +n r +e 2 ,1 +n r +e 2 ,3 ) ,
where means that r 1 runs over the values of the same odevity as r 2 in the product. Note thatF
The Z 2 flux operator on the edge octagon plaquette becomes
It is easy to verify that allF and Φ 2 = r1=1,r2=odd D r,1 are the global Z 2 fluxes along the1-and2-direction respectively. More discussions on this can be found in [37] . Numerically we find that the ground states are all π-flux states as well under the periodic boundary condition. The ground states are of Z 2 × Z 2 topologically degenerate characterized by the global fluxes Φ 1 = ±1 and Φ 2 = ±1.
For the four topologically degenerate ground states on a torus, the Hamiltonian is translational invariant. Define the four-component Majorana spinor Γ r = (γ r,1 , γ r,2 , γ r,3 , γ r,4 )
T , we can perform the Fourier transformation Γ r = To diagonalize the Hamiltonian, we employ the Bogoliubov transformation and the diagonalized form reads H = qs E qs ζ † qs ζ qs , where ζ qs is the Bogoliubov quasiparticle and E qs is the quasiparticle energy dispersion with the band indices s = 1, 2, 3, 4. From the energy dispersions
, when a nodal point in the spectrum appears at q = (0, 0). The energy dispersion near the nodal point is linear. Thus we conclude that the system has two gapful phases separated by the critical line (J r = 1.θ r andφ r commute with each other and with the Hamiltonian and can be replaced by their eigenvalues θ r = ±1 and φ r = ±1. Then, we numerically find that the ground states are all zero-flux states, i.e., θ r = φ r = 1 everywhere, which is the same as the Kitaev honeycomb model.
For periodic boundary condition, similar to the 2D model, extra boundary terms will be introduced due to Jordan-Wigner transformation. We define the following operatorsF r2,r3 = r 2 =r2,r 3 =r3,r 1 e iπ µn r ,µ ,
which counts the parity of the fermion numbers for each chain along the1-direction. Then the boundary terms involved in the Hamiltonian read
where L 1 is the lattice length in1-direction. Meanwhile the Z 2 flux operators on the edge decagon plaquette becomê θ (L1,r2,r3) =D (L1,r2,r3),1D(1,r2,r3),1Fr2,r3Fr2+1,r3 , φ (L1,r2,r3) =D (L1,r2,r3),3D(1,r2,r3),3Fr2,r3Fr2,r3+1 .
For the same reason as in the 2D example,D r,µ anticommutes withF r2,r3 such that D r,µ can not be chosen as good quantum numbers under the periodic boundary condition. However, we can still choose Z 2 fluxes {θ r , φ r , Φ 1 , Φ 2 , Φ 3 } as the set of good quantum numbers, where Φ 1 , Φ 2 and Φ 3 are the eigenvalues of the global Z 2 flux operatorsΦ 1 =F 1,1 ,Φ 2 = r1=r3=1,r2D r,1 and Φ 3 = r1=r2=1,r3D r,1 , which are defined along the1-direction,2-direction and3-direction respectively. These operators all commute with each other and with the Hamiltonian and are idempotent. Numerically we find the ground states are zero flux as well as those under open boundary condition. In the thermodynamic limit, the ground states are of Z 2 × Z 2 × Z 2 topological degeneracy characterized by Φ 1 = ±1, Φ 2 = ±1 and Φ 3 = ±1. Now we study the bulk excitations on top of one of the zero flux ground states through the Fourier transformation. Note that the energy dispersions will shift by (±π/L 1 , ±π/L 2 , ±π/L 3 ) among these degenerate ground states on a L 1 × L 2 × L 3 torus. The Hamiltonian in the reciprocal space reads H = (27) Without loss of generality, we choose both J xy and J z to be non-negative. By diagonalizing Eq.(27), we find that the system has (1) a gapped phase when J z > 2J xy and (2) a gapless phase when J z < 2J xy , which are separated by the critical point J z = 2J xy . In a gapless state with J z < 2J xy , a nodal ring appears with linear energy dispersion along the directions perpendicular to the ring. At the critical point J z /J xy = 2, the nodal ring shrinks to a gapless point at q = (0, 0, 0) and energy dispersion around this nodal point is linear along all the directions. This nodal ring is protected by the time reversal symmetry and a perturbation term, such as the Zeeman splitting r,µ h · σ r,µ with h ∝ (1, 1, 1 ), will open a gap along the nodal ring except at two singular points, which are socalled Weyl points. Similar results were obtained in the hyperhoneycomb model in Ref. [18, 20, 21] .
SUMMARY AND DISCUSSIONS
In summary, we construct a class of exactly solvable generalized Kitaev spin-1/2 models in arbitrary dimensions. The basic idea is to construct exactly solvable spin chains and couple them to form a connected diagram. The allowed spin interactions include two-spin interactions as well as multiple-spin interactions. The construction is subjected to two elementary rules and several supplementary rules. The Jordan-Wigner transformation is employed to prove the exact solvability, by which a constructed spin model can be mapped to a gas of Majorana fermions coupled to static Z 2 gauge fields. We classify the exactly solvable models according to their parent models. All the other models can be generated by some operations from the parent models. It is noted that there exist a dual model to each exactly solvable spin model in this class. As two examples, a 2D square-octagon model and a 3D xy bond model are demonstrated.
Finally, we would like to make some comments on the construction and possible realization: (1) With xy-bonds and yx-bonds introduced, this class of exactly solvable models are beyond the category of compass model [34] . (2) The translational symmetry or periodicity is not a necessary condition to the exact solvability. Thus one is able to map an exactly solvable spin model with randomness to a free fermion model with random hopping and pairing. (3) We specify the z-bonds as the "glue" bonds to couple spin chains under the construction. It is for the convenience to adopt the Jordan-Wigner transformation. By global spin rotations, other corresponding spin models can be constructed as well. (4) These constructed models could be realized in cold atom systems and coordination polymers. Moreover, it is possible to tailor our model Hamiltonians for specific materials.
